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We investigate the stability of surjective functions in Banach spaces. As a corollary
to the main theorem we obtain a new stability result for isometries.  © 2000 Academic Press
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1. INTRODUCTION

About 1940 S.Ulam [7] posed the question of stability of additive
functions. This problem was solved by D. H. Hyers in [4]. Since then the
stability of various functional equations has been studied. For some further
information on this subject we refer the reader to the survey papers [3, 5].

In this paper we propose a slightly different approach. Instead of study-
ing the stability of functional equations, we propose to study the stability
of a property of a function—surjectivity. Our idea is based on the fact that
real-world observations have always some minimal error. Thus it seems
natural to ask if a function which “looks like” a surjection to within some
small possible error can be approximated by a surjection. We characterize
those Banach spaces for which the answer to the above problem is positive.

2. APPROXIMATE SURJECTIONS

The notion of an approximate surjection introduced by R. Bourgin in
[2] has proved to be useful in investigating the stability of isometries.

DEFINITION. Let S be a set, let X be a Banach space, and let ¢>0 be
arbitrary. We say that a function f: S — X is ¢-onto if

VxeX dses, [x—f(s)] <e.
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Clearly a given function is 0-onto function if and only if it is a surjection.
A natural question of stability of ¢-onto functions arises.

DEerFINITION 2. A Banach space X is said to have property (D) if every
dense subset of X has the same cardinality as X.

As show Theorems 1 and 2 property (D) is crucial in characterization
of those Banach spaces for which approximately surjective functions are
stable. Moreover, many (possibly all) nonseparable Banach spaces have
this property (see Problem 1 and Proposition 1).

By B(a, r) we denote the closed ball with center at ¢ and radius r.

THEOREM 1. Let X be a Banach space which has property (D) and let
&£>0. Then for every set S and every g-onto function f- S — X there exists a
surjective function F. S — X such that

| f(s)—F(s)|<7e  for seS.

Moreover, given a countable subset C of S we can choose F in such a way
that Flc=f|¢

Proof. By the Kuratowski-Zorn Lemma there exists a maximal with
respect to inclusion subset 4 of X such that

B(a,%e)nB(b, 1e)= for a,bed, a#b. (2)

The fact that A is maximal implies that

X= U B(a, 3 8)

acA

For arbitrary a € A we now define
A, :=f(S)n B(a, }e).

We will now show in Steps 1 and 2 that for every a € A the set 4, has the
same cardinality as X. So let a € A be arbitrary.

Step 1. We put
X, :=ling(4, U {a})

(by ling (W) = X we denote the vector space over the field Q generated by
the set W). In the first step we show that X, is a dense subset of X.
For an indirect proof let us suppose that there exists an x € X such that

d(x, X,) =3¢ (3)
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This implies the existence of x; € X, satisfying

Ix —x,) <Fe (4)
Let z:=(x—x,)+a. Then (3) and (4) are equivalent to

dz, X,)=2e, (5)

lz—al <5e.
Let s€ .S be arbitrary. If f(s) € 4, then f(s) € X,, so by (5)
Iz f(s) =3¢ > e

If f(s) ¢ A,, then by the definition of 4,

1f(s) —al =3e,
so by (6),

1f(s) =zl = [ f(s)—al = lz—a| > Fe—Fe>e
Thus we have obtained that
I f(s)—z||>¢ for every seS,

a contradiction to the assumption that f is e-onto. This means that X, is
dense in X.

Step 2. We are now going to show that
card A,=card X,.

First notice that 4, is not finite. If 4, were finite, then X, =ling (4, U {a})
would be countable, so we would have a dense countable subset of X,
which by assumption would imply that the Banach space X is countable—
a contradiction.

The inequality card A4, > card N implies that

card Q x (4, u{a})=card 4,,
card A% =card 4, for neN, (7)
card N-card 4,=card 4,.

Clearly

card ling (A4, U {a})<card () (Qx(4,u {a}))" (8)

nelN



STABILITY OF SURJECTIVITY 169

Then by (8) and (7) we get that

card X, =card () (Qx(4u{a}))"

nelN

< ) card Qx(A4,u{a})"< ) card A7

neN neN

< ) card A,<card N-card 4,=card 4,,.

neN

It follows from Step 1, Step 2, and the assumptions of the theorem that
card 4,=card X. 9)

We can construct a surjective approximation F of f which satisfies the
assertions of the theorem.

Step 3. Let C be a fixed countable subset of S. For a e A we define
B,:=A4,\f(C).
As A, is not countable and C is, we obtain by (9) that
card B,=card 4,=card X.

This implies that for every ae A there exists a surjective function #4,:
B, — B(a, %} ¢). We define a function F: S — X by the formula

£s) if f(s)eX\ U B..

acA

h,(f(s)) if f(s)eB,, acA.

F(s):=

First note that F is well-defined as the sets 4, (and consequently B,) are
pairwise disjoint.

Clearly f(C)= X\U,c4 Ba, so by the definition of F, F|.= f|.. For
ac A,

F(f7YB))=h(f(f7'(B.) =huB,) = Bla, 5 ¢),

and therefore

U Bla, %¢) = F(S).

acAd
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By (2) this means that
X=F(S).

Thus we have shown that F is a surjection.

Now we will show that (1) holds. So let se S be arbitrary. If f(s) ¢
Uaea B, then f(s) = F(s). So let s € S be such that f(s) € B, = B(a, 2 1¢) for
some a € A. Then

[F(s)—f() < F(s)—al + [ f(s)—al
= ||k (f(s)) —all + 3
By definition /,(f(s)) € B(a, ), so |h,(f(s)) —a| <*%e. Thus
IF(s)—f(s)l <5 e+5e=Te |

We now show that the assumption in Theorem 1 that X has the property
(D) is essential.

THEOREM 2. Let X be a Banach space which does not have the property
(D). Then there exists a function f: X — X which is e-onto for every ¢ >0, but
for every surjection F: X > X

sup || f(x) — F(x)[ = 0.

xeX

Proof. Let S be a dense subset of X with cardinality strictly smaller
then cardinality of X. We define

0 for xeX\S,
X for xeS.

S(x) :={

As S is dense f is obviously &-onto for every ¢> 0.
Suppose, on the contrary, that there exists a surjective function F: X - X
such that

K:=sup [|[F(x) — f(x)] < 0.

xeX
Then for x e X\S,

IFCoI = [1F(x) = f(x) | < K,
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which implies that F(X\S) < B(0, K). As F is surjective, F(X)=X, so we
obtain that X\B(0, K) = F(S), and consequently that

card(X) = card(X\B(0, K)) < card(F(S)) < card(S).

Thus we have obtained that card(S) = card(X)—a contradiction. |

In view of Theorems 1 and 2 it seems to be important to characterize
Banach spaces X which have property (D).

Problem 1. Let X be a Banach space. Are the following two conditions
equivalent?

e X has property (D),
e X is not separable.

Let B be a dense subset of a Banach space X. Then clearly card B <
card X <card BY, so the question whether card B=card BY is relevant.
Although we do not know the general answer to this question, in the
following proposition we show how to construct Banach spaces in which
all dense subsets have this property.

ProrosiTION 1. Let X be a Banach space of infinite dimension and let B
be a subset of X such that ling(B) is dense and

o —byll =1 Jor by,byeB, by#b,. (10)

If card B=card 2%, for some R, then card B=card BN and X has the
property (D).

Proof. Let D be an arbitrary dense subset of X. Then for every be B
there exists d, € D such that

ld, —b] < 3.
Then by (10) for by, b, € B, by # by,
b4, — dp, | = b0 — byl = lldy, — bo| — lldy, — by =1 =3=3,
which implies that d,, #d, , so card B<card D. As ling(B) is dense in X,
for every element e of X there exists a sequence {b,} of elements of ling(B)

such that lim,, _, ., b, =e, which implies that

card X <card ling(B)N.
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However,
card(ling (B))N = card ling (B)** N =card BN
=card(2?)N =card 292N =2card @xN _ card Bn
which implies that
card B<card X <card B,
o)
card D=card X. |

We immediately obtain the following corollary to the proposition.

COROLLARY 1. Let H be an infinite dimensional Hilbert space with ortho-
normal base of cardinality 247, for certain Q. Then H has the property (D).

3. STABILITY OF THE ISOMETRY EQUATION

As approximate surjections appear to be important in the investigation
of isometries, we now show that the results of Section?2 can easily be
applied to obtain some new results from the stability of isometries.

We generalize the Main Theorem from [6]. For the convenience of the
reader we will quote this result and the definition of ¢-isometric functions.

DeriNITION 3. Let X, Y be Banach spaces. A function f: X — Y is said
to be an e-isometry if

A =l = llx =yl <e

for x, ye X.

THEOREM O-S [6]. Let X and Y be real Banach spaces. Suppose that
e>0 and that f: X —> Y is a surjective e-isometry satisfying f(0)=0. Then
there exists a unique linear isometry U: X — Y such that

I/(x) = Ux)| <2

for every x € X.

Theorem O-S is important as it finally solved the question of the mini-
mal constant of the Hyers—Ulam stability of surjective isometries. However,
if we study stability, we often assume that we cannot measure the distances
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exactly and therefore we cannot check if the function f is surjective—the
most we can do is to check if f'is d-onto, for some 0 > 0. Thus in the follow-
ing theorem we generalize Theorem O-S to J-onto functions.

THEOREM 3. Let X, Y be Banach spaces, and let f: X— Y be an
e-isometry which is d-onto and such that f(0)=0.
Then there exists a unique linear isometry U. X — Y such that

If(x) x)|| <2e+ 350 for xelX. (11)

Proof. Let H be a Hilbert space with orthonormal basis of cardinality
card(2Y). First we show that every dense subset of ¥ x H has the cardinality
of Yx H. So let D be a dense subset of Y x H and let py: Y x H— H be the
canonical projection. Then clearly C:=p (D) is a dense subset of H, so by
Corollary 1, card C=card H=card 2”. Then

card D = card C=card 2¥ =card( Y x 2¥) =card(Y x H)

which implies that card D =card(Y x H).
Now we define the function f5;: X x H — Y x H by the formula

Julx, h):=(f(x),h)  for (x,h)eXxH.

Note that as f'is J-onto f;; is also d-onto. So by Theorem 1 there exists a
surjective function Fy: X x H— Y x H such that

IFg(x, h)— fa(x, h)| <76 for (x,h)e XxH. (12)
and
Fp(0)=fu(0)=
As f is an g-isometry
1 Fg(a)— Fu(b)| —lla—>bll < || fala) = fu(D)| —lla—Dbl||

+ [|[Fgla) = fa(a)| + (| Fg(b) — fa(b)]
<e+T70+70=c¢+ 140.

for a, be X x H, which means that F is an (¢+ 140)-isometry. As Fp is
surjective, we can now appeal to Theorem O-S and conclude that there
exists a unique linear isometry Ug: X' x H— Y x H such that

[Ugla) — Fy(a)| <2(e+149) for ae XxH.
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This and (12) yields that
|Upla)— fu(a)| <2e+ 350 for aeXxH. (13)

Because Uy is linear (13) implies that

U (a)=lim ~ f,na)  for acXxH (14)

n—>oo N

Clearly fy(a)e Yx {0} for ae Xx {0}, so (14) implies that

Uyla)e Y x {0} for aeXx{0}. (15)
We define the function U: X - Y by the formula

Ux):=py(Ugklx,0)) for xelX,

where py is the canonical projection onto Y. As Uy is a linear isometry by
(15) we obtain that U is also a linear isometry. Now, by (13),

|U(a)—fla)| <2¢+3556  for aeX. |

We would like to mention that in our opinion it would be interesting to
check whether the estimation in (11) is independent of 6. We show that in
finite dimensional normed vector spaces this is the case. This result is
related to that obtained in [1].

ProrosITION 2. Let X, Y be finite dimensional normed vector spaces. Let
f: X > Y be an e-isometry such that f(0)=0. Suppose that one of the follow-
ing conditions holds
(1) dim X=dim Y,
(1) fis d-onto for some 6> 0.

Then there exists a unique linear isometry U: X — Y such that
1/ (%) = Ulx) [ <37¢

for xe X.

Proof. Suppose that (i) holds. R.D. Bourgin proved that then f is
g-onto (see Lemma 2.8 and Proposition 4.1 in [2]). So by Theorem 3 we
obtain the assertion of the proposition.

Now suppose that (ii) holds. Then by Theorem 3 there exists a linear
isometry U: X — Y, such that | f(x)— U(x)|| <2e+350 for xe X. As f is
J-onto, this implies that U is 2¢ + 360-onto; however, as U is linear and X
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finite dimensional this implies that U is a linear bijection. Hence dim X =
dim Y. Case (i) makes the proof complete. ||
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